Abstract. This paper, to be regularly updated, lists those prime knots with the fewest possible number of crossings for which values of basic knot invariants, such as the unknotting number or the smooth 4-genus, are unknown. This list is being developed in conjunction with KnotInfo (www.indiana.edu/˜knotinfo), a webbased table of knot invariants.
Introduction
For many basic invariants of knots in S 3 there is no known algorithm for their computation. This paper lists the prime knots among those of few crossings for which the value of some of these invariants is not known.
Definitions of each of these invariants are given in the sections that follow. References in the initial version of this paper are limited, but may be included as progress is made and contributions are received. More details can be found on the accompanying website KnotInfo [2] at www.indiana.edu/˜knotinfo, presenting an updated list of values of knot invariants for low-crossing number knots.
Conventions for tabulation
In the table that follows, if a knot is listed of n-crossings, then the table lists all prime knots of that number of crossings or less for which the value is unknown. Some values include entries with question marks, such as "12?" For these invariants there is no known algorithm for the computation of the invariant, but the values for low-crossing number knots are known. The notation "12?" indicates that the value is known for all prime knots of 11 crossings or less, and that the computation for 12-crossing prime knots has not been undertaken yet.
Submissions It is the intention of the authors to keep this paper upto-date. We cannot verify all the results submitted to us, so will include new information only when we can reference a source that readers can refer to; these can be posted papers or websites with more information. There is a map of the SL 2 (C) representation space of a knot complement to C * × C * , given by evaluating the trace of the representation on the meridian and longitude. The closure of the image is a variety defined by a single polynomial, called the APolynomial. Jim Hoste informs us that for 2-bridge knots the computation of the A-Polynomial is algorithmic and has provided us with a list of values for 2-bridge knots through 9 crossings, but beyond that only sporadic values are known.
2.2. Arc Index. Every knot has an embedding in R 3 so that it is the union of closed arcs, each of which lies in a distinct half plane, with the half planes meeting in single line, the common boundary of the half planes. The minimum number of arcs required is the arc index of the knot. We thank Peter Cromwell for providing us with the basic data (see [3] ) and note that Bae and Park [1] have shown that the arc index of an alternating knot is 2 more than its crossing number. The arc index of all knots with 10 or fewer crossings has been computed, and we are aware of no tabulation for 11-crossing nonalternating knots.
2.3. Braid Index. Every knot can be described as the closure of a braid. The braid index of the knot is the minimum number of strands required for such a braid.
2.4. Bridge Index. Given a regular diagram for a knot in the (x, y)-plane, the projection onto the line x = 0 has a finite number of local maximum points. The minimum number of such local maxima, taken over all possible diagrams, is the bridge index of the knot.
2.5. Concordance Genus. The concordance genus of a knot K is the minimum 3-genus among all knots concordant to K. The value of this invariant depends on the category. For instance, for a topologically slice but not smoothly slice knot, the topological concordance genus would be 0 but the smooth concordance genus would be positive. For the three unknown knots of crossing number 10 or less, we do not know if the distinction of category appears.
2.6. Concordance Order. The concordance order of a knot is the order of the element it represents in the concordance group. There is a map of the concordance group to Levine's algebraic concordance group, having elements only of order 2, 4 and infinite. All knots of 10 crossings or less with algebraic order 4 are known to have infinite concordance order. Some knots of algebraic order 2 are (or are concordant to) negative amphicheiral knots, and thus are of order 2. Other than these, all those of algebraic order 2 are known to have concordance order greater than 2, with the exception of 10 158 , which has unknown order.
2.7.
Fibering. There is no known algorithm for determining if a knot is fibered. For knots with 10 or fewer crossings the classification has been known for some time. For 11 crossings, several authors have undertaken the determination of which are fibered; we are told that Gabai was the first to complete the determination for 11 crossing knots. For 12 crossing knots, work of Stoimenow, done in part with Hirasawa, determined most cases. These results are posted at [13] . Friedl and Kim [4] have used twisted Alexander polynomials to obstruct the fibering of the remaining cases. Rasmussen has used knot Floer homology, defined by Ozsváth-Szabó, to confirm the results of Stoimenow, Hirasawa, Kim and Friedl.
Genus (3-genus). The genus of a knot is the minimum genus among all embedded orientable surface in S
3 with boundary the knot.
Genus (non-orientable).
The non-orientable genus of a knot is the minimum genus among all non-orientable surfaces embedded in S 3 with boundary the knot. Here, the genus of the once punctured connected sum, # g P 2 , is said to be g. This is also called the crosscap number of a knot. Hirasawa and Teragaito [6] have described an algorithm for computing the non-orientable genus of a 2-bridge knot.
Genus (smooth 4-genus).
The smooth 4-genus of a knot is the minimum genus among all smoothly embedded orientable surfaces in the 4-ball having boundary the knot. Update January 15, 2006: The last remaining unknown case for 10 crossing knots, that of 10 51 was resolved by Selahi Durusoy, who observed that a single crossing change results in the slice knot 8 8 .
Genus (topological 4-genus).
The topological 4-genus of a knot is the minimum genus among all topologically locally flat embedded orientable surfaces in the 4-ball having boundary the knot.
2.12. Nakanishi Index. The Alexander module of a knot has a square presentation. The minimum size of such a presentation is the Nakanishi index.
2.13. Oszváth-Szabó Invariant. Ozsváth and Szabó have defined a homomorphism τ from the concordance group of knots to Z using their theory of Heegaard Floer homology. Its value is called the Ozsváth-Szabó invariant of the knot. For alternating knots it is determined by the classical signature, but there is no algorithm for its general computation.
2.14. Polygon Number. The polygon number of a knot is the minimum number of vertices required in a polygonal description of the knot. We thank Peter Cromwell [3] for providing us with the basic data (see [3] ), summarizing the results of Randell, Negami, and Calvo. The polygon numbers of knots with 7 crossings or less is complete. Of 8 crossing knots only 8 16−21 , are known.
2.15. Slice. A knot is slice if its 4-ball genus is 0. There are topologically slice knots that are not smoothly slice, but there are no known examples of this with 11 or fewer crossings, so the two categories are not distinguished in the table.
2.16. Super-Bridge Number. For a given diagram of a knot in the (x, y)-plane, there is a maximum value for the number of local maxima for orthogonal projections to lines in the plane, taken over all lines in the plane for which the projection map is regular. The smallest value of the maximum, taken over all possible diagrams of a knot is called the super-bridge number. Randell [12] has observed that the super-bridge number is bounded above by half the polygon number.
2.17. Thurston-Bennequin Number. Every knot has a Legendrian representative and the Thurston-Bennequin number of such a representative is defined using that Legendrian structure. The ThurstonBennequin number of a knot is the maximum value of that invariant, taken over all possible Legendrian representatives.
There is also a combinatorial definition. Every knot has a diagram such that at each crossing one strand intersects the bottom right and top left quadrants (formed by the vertical and horizontal lines at the crossing) and the other intersects the bottom left and top right quadrant. Furthermore it can be arranged that the strand that meets the bottom right quadrant passes over the other strand. For such a diagram, the Thuston-Bennequin number is the writhe minus the number of right cusps (maximum points with respect to projection onto the xaxis. The Thurston-Bennequin number is the maximum value of this, taken over all diagrams satisfying the crossing criteria.
Lenhard Ng [8] has shown that basic bounds for this invariant are strict in the case of 2-bridge knots. For all knots with 9 or fewer crossings, Ng [9] has determined the value for both possible orientations. In the same paper he has determined the Thurston Bennequin number for prime knots with 10 crossing, except for 10 132 for which the number is unknown with one of the two orientations. (A knot and its mirror image might have different Thurston-Bennequin numbers.) 2.18. Tunnel Number. For every knot K there is a collection of disjoint embedded arcs in S 3 with endpoints on the knot such that the complement of the interior of a regular neighborhood of the union of the arcs and knot is a solid handlebody. The minimum number of arcs required is the tunnel number of the knot. As an example, all two bridge knots have tunnel number one. The computation of tunnel numbers of knots through 10 crossings was completed in [7] .
2.19. Unknotting Number. The minimum number of changes of crossing required to convert a diagram of a given knot into a diagram for the unknot, taken over all possible diagrams of the knot, is called the unknotting number of the knot. Update July 9, 2005: Brendan Owens [10] has shown that the unknotting numbers of 9 10 , 9 13 , 9 35 , 9 38 , 10 53 , 10 101 , and 10 120 are all 3, thus completing the tabulation for 9-crossing knots. Update January 15, 2006: For 10 crossing knots, all those with unknotting number 1 have been identified by Ozsváth-Szabó and Gordon-Lueke [5, 11] .
2.20. Unknotting Number 1. Update January 15, 2006: All knots of unknotting number 1 with 10 or fewer crossings have been determined. The final examples were resolved by Ozsváth-Szabó [11] and Gordon-Lueke [5] . An initial survey of 11-crossing knots has been done by Slavik Jablan and Radmila Sazdanovic, results of which are included in KnotInfo [2] .
